High-order harmonic generation in a hollow fiber filled with a weakly ionizing gas is theoretically analyzed within the framework of the slowly varying envelope approximation. The gas pressure that corresponds to maximum efficiency of frequency conversion, the absorption coefficient, the phase mismatch owing to gas dispersion, and the enhancement of harmonic-generation efficiency owing to waveguide phase matching are estimated for 27th-harmonic generation in hollow fibers filled with helium, neon, argon, krypton, or xenon. As a result of the ionization-induced self-phase modulation of the pump pulse in a hollow fiber filled with a weakly ionizing gas, the phase mismatch changes within the pump pulse, decreasing the overall efficiency of harmonic generation and making the harmonic-generation efficiency less sensitive to the gas pressure in the hollow fiber.
INTRODUCTION
The use of hollow fibers has long proved to be an efficient way to solve phase-matching problems in nonlinearoptical wave-mixing processes. Miles et al. 1 experimentally demonstrated that hollow waveguides allow coherent anti-Stokes Raman scattering gain considerable efficiency, thus improving its sensitivity in analysis of gas media. The possibility of using hollow fibers for generating extremely short light pulses was demonstrated by Nisoli et al., 2 who proposed to use the third-order optical nonlinearity of the gas that fills a hollow fiber to put a chirp in an ultrashort laser pulse through self-phase modulation. Subsequent chirp compensation has allowed Nisoli et al. 2 to compress laser pulses to a duration of 4.5 fs. Because the optical-damage threshold for a gas that fills a fiber is much higher than that for typical fiber materials, the hollow-fiber approach is especially promising for the generation of high-power ultrashort laser pulses within a few cycles of an optical field. The next step was to use gas-filled hollow fibers for the frequency conversion of ultrashort laser pulses. This was done by Durfee et al., 3 who demonstrated that the use of the hollow-fiber technique provides an opportunity to achieve high-efficiency optical frequency conversion in thirdharmonic generation (up to 0.2%) and in parametric fourwave mixing (up to 13%). These studies have also shown that the phase mismatch that is due to waveguide dispersion in hollow optical fibers can compensate for the phase mismatch that is due to gas dispersion, thus substantially improving the efficiency of nonlinear-optical interaction.
Experiments by Durfee et al. 3 stimulated intensive investigations into nonlinear-optical wave mixing in hollow fibers. [4] [5] [6] [7] In particular, they demonstrated that, as a result of compensation for phase mismatch in hollow fibers, the efficiency of frequency conversion in high-order (up to the 45th order) harmonic generation can be increased by a factor of 100-1000 compared with the efficiencies of frequency conversion attainable in experiments with gas jets (e.g., see Refs. [8] [9] [10] [11] . A conversion efficiency of 4 ϫ 10 Ϫ5 was achieved by Constant et al. 7 for the 15th harmonic generated in a hollow fiber filled with xenon with the use of 40-fs 1.5-mJ, 800-nm pulses.
Because the fundamental pulse propagating in a hollow optical fiber efficiently interacts with its third harmonic and, at the same time, displays, according to Ref. 2, noticeable self-phase modulation, cross-phase modulation effects also play an important role in this process, influencing phase-matching conditions and allowing the chirp and, eventually, the duration of the third harmonic to be controlled. 12, 13 The use of cross-phase modulation in parametric four-wave mixing in gas-filled hollow fibers has allowed Durfee et al.
14 to implement efficient frequency conversion with simultaneous pulse compression. Starting with 35-fs pulses of a Ti:sapphire laser, the authors of Ref. 14 produced 270-nm pulses with a duration of 8 fs after compensation for the cross-phase modulationinduced chirp.
Rapidly growing applications of hollow fibers for frequency conversion and the generation of ultrashort pulses have brought to the fore problems associated with choice of the optimal parameters of hollow fibers as well of the sort of gas and the gas pressure. Understanding the roles of these factors in harmonic generation and wave mixing in gas-filled hollow fibers will provide many de-grees of freedom in controlling nonlinear-optical interactions and generating ultrashort pulses of shortwavelength radiation. With this motivation in mind, we theoretically studied the influence of parameters of hollow fibers and of the sort and the pressure of the gas that filled a fiber on the efficiency of harmonic generation. The expressions presented below allow the efficiency of harmonic generation to be estimated within a broad range of parameters.
BASIC RELATIONS
Suppose that a fundamental (pump) wave and the wave of the qth harmonic propagating in a gas-filled hollow fiber along the z axis can be represented as
where is the frequency of the fundamental radiation, q is the harmonic order, f n () is the transverse distribution of the light field, K n is the propagation constant of fundamental radiation that corresponds to the EH 1n mode of the hollow fiber, K q is the propagation constant of the qth harmonic, A n (, z) is the slowly varying envelope of the fundamental pulse (by separating the dependencies of this envelope on the transverse and the longitudinal coordinates, we assume that some definite waveguide mode was excited at the fundamental frequency), B q (, z, ) is the slowly varying envelope of the harmonic pulse, and ϭ t Ϫ z/, where is the group velocity of the fundamental and harmonic pulses (i.e., we assume that the fiber length is chosen in such a way that the temporal walk-off of the fundamental and harmonic pulses that is due to the difference in their group velocities can be neglected; see the estimates presented in Ref. 13 ). In writing Eqs. (1) and (2), we also assume that, because the wavelengths of high-order harmonics are much less than the inner diameter of the hollow fiber, we can neglect diffraction effects in the case under study.
Provided that the wavelength of fundamental radiation is much less than the inner radius of a hollow fiber,
and that the propagation constants of the waveguide modes differ only slightly from the wave numbers for the same frequencies in a free gas, thus ensuring low optical losses
where a is the inner radius of the hollow fiber and n 1 () is the refractive index of the gas that fills the fiber at the frequency , we can employ approximate analytical solutions for the transverse distribution of the electric field and propagation constants of light beams in a hollow fiber. 15 In particular, for EH 1n modes of a hollow fiber, we can write
where J 0 (x) is the zeroth-order Bessel function, u n is the eigenvalue of the EH 1n mode,
for EH modes, and 2 () is the dielectric function of the fiber cladding at frequency . Let us consider the case when the transverse distribution of the pump wave corresponds to the EH 1n waveguide mode. To include ionization effects we assume that a small part of particles of the gas that fills the fiber can be ionized during the pump pulse, giving rise to an electron addition to the refractive index of the gas and, consequently, to phase modulation of the pump pulse. As was demonstrated recently by Durfee et al., 16 ionization effects may have a considerable influence on phase matching in high-order-harmonic generation in hollow fibers. As a result of the change in the phase of the pump pulse from its leading edge to its trailing edge, the phase mismatch for harmonic generation changes within the pump pulse, slightly decreasing the overall efficiency of harmonic generation but making the harmonicgeneration efficiency less sensitive to the gas pressure in the hollow fiber. In as much as the number of atoms that undergo ionization is small, we neglect the decrease in the concentration of neutral atoms that results from ionization and assume that this concentration remains independent of time. Then, in the range where the slowly varying envelope approximation is applicable, the equation for the envelope of the pump wave is written as
Here we have introduced the effective linear susceptibility of plasma at the frequency of the pump pulse:
where e and m are the electron charge and mass, respectively, and
is the effective electron concentration. The electron concentration n e (, ) in Eq. (9) is given by
where w(I) is the ionization rate, which depends on pump
and n is the concentration of neutral atoms.
Equations (7)- (10) describe the propagation of a pump pulse in a hollow fiber filled with a weakly ionizing gas. Solving Eq. (7), we derive the following expression for the amplitude A n (, z) of the pump wave:
where
is the addition to the propagation constant of the pump wave as a result of the ionization of the gas that fills the fiber. When pump depletion is negligible, the amplitude B q ϭ B q (, , z) of the qth harmonic can be written as
where 2 q is the absorption coefficient of the qth harmonic; P q NL (, ) is the amplitude of the nonlinear polarization induced in the gas, and
is the addition to the propagation constant of the qth harmonic owing to the ionization of the gas that fills the fiber. Equation (13) is similar to the equation that describes harmonic generation in the plane-wave approximation 17 under conditions when pump depletion is negligible. The right-hand side of Eq. (13) describes the qth-order nonlinear polarization that is responsible for the generation of the qth harmonic. However, in contrast to the planewave approximation, Eq. (13) includes the influence of waveguiding effects through the propagation constant [relation (6)]. Ionization effects are included in Eq. (13) through the additions to the wave numbers of the fundamental and harmonic pulses.
Solving Eq. (13), we derive the following expression for the intensity of the qth harmonic:
where we set K q c Ϸ q and
is the phase mismatch including the waveguide dispersion; ⌬k 0 ϭ (q/c)͓n 1 (q) Ϫ n 1 ()͔, ⌬k w n ϭ 0.5(cq/ 1 ) ϫ (u n /a) 2 , and ␦k q n () ϭ ␦K q () Ϫ q␦K n () are the phase-mismatch components related to the dispersion of gas, waveguide, and electrons, respectively. Note that the first two components contribute to the phase mismatch in an additive way when the inequality n 1 ()
The phase mismatch [Eq. (16) ] involved in Eq. (15) depends not only on gas dispersion but also on dispersion of waveguide modes and on time . As was highlighted by Durfee et al., 3, 16 the phase-mismatch dependence on the dispersion of waveguide modes provides an opportunity to improve phase matching by choosing an appropriate pair of transverse modes for the pump and the third harmonic. As can be seen from Eqs. (15) and (16), a similar approach can be used to phase match higher-order harmonics. However, in an ionizing gas the phase mismatch is a function of time owing to the generation of electrons, and phase matching in qth-harmonic generation can be achieved only for a certain moment of time .
In the case when the length of a hollow fiber is much larger than the absorption length of the qth harmonic, i.e., when
Eq. (15) can be reduced to
When ionization is negligible, Eq. (18) has a form similar to the expression for the power of the qth optical harmonic produced with a Gaussian pump beam in the approximation of strong absorption. 18 However, an important feature of Eq. (18) is that it includes the dispersion of waveguide modes, which influences phase matching. As can be seen from Eq. (15), the intensity of the qth harmonic in the phase-matched regime grows monotonically with the increase in the propagation coordinate until z becomes greater than the absorption length, saturating when inequality (17) is satisfied (curve 1 in Fig. 1) . A qualitatively different dependence of the qth-harmonic intensity on the propagation coordinate is observed when the coherence length is less than the absorption length. In this case, the dependence I q (z) may display some oscillations as a result of phase-mismatch effect (curve 2 in Fig. 1 ). The optimal length of a gasfilled fiber in this case is determined by the trade-off between wave mismatch and absorption.
Equation (18) gives the following estimate for the enhancement in the efficiency of the qth harmonic that results from waveguide phase matching: Equation (19) is instructive from the physical point of view, as it shows that the maximum enhancement of harmonic-generation efficiency that is due to waveguide phase matching is determined by the dispersion and absorption of a gas medium rather than by the parameters of the fiber itself. In other words, if a hollow fiber allows the phase mismatch to be completely compensated for, then the usefulness of a hollow fiber for harmonic generation increases with the growth in the ratio of the absorption length to the coherence lengths in a free gas. Therefore a hollow fiber is especially efficient whenever a free gas is characterized by considerable dispersion and becomes virtually useless in the case of strongly absorbing gases.
RESULTS AND DISCUSSION

A. No Ionization
We used expressions (5)- (18) to investigate the influence of the sort and the pressure of a gas that fills a fiber on the efficiency of high-order harmonic generation. For this purpose we considered the generation of the 27th harmonic in a hollow fiber with an inner diameter of 150 m filled with a rare gas (helium, neon, argon, krypton, or xenon) in the absence of ionization. The wavelength of pump radiation was assumed to be 780 nm. Keeping in mind the considerable degree of absorption of rare gases in the short-wavelength spectral range, we assumed that the length of nonlinear interaction is sufficiently large to satisfy condition (17) (see also Table 1 ) and that the amplitude of nonlinear polarization and the absorption coefficient at the harmonic frequency, as well as the refractive index of the gas that fills the fiber, are proportional to the pressure of the gas.
The data on the absorption of short-wavelength radiation in rare gases were taken from Refs. 19-21, the data on the refractive index at the pump frequency for rare gases can be found in Ref. 22 , the refractive indices at the harmonic frequency for helium and neon were estimated in accordance with Ref. 23 , and the refractive indices of argon, krypton, and xenon at the frequency of harmonic radiation were assumed equal to unity. Table 1 summarizes the gas pressures that correspond to the maximum of the power of the 27th harmonic of 780-nm radiation and the absorption coefficient of the 27th harmonic, p 0 ; absorption coefficient 2 q , the component of the phase mismatch that is due to gas dispersion, ⌬k 0 ; and the enhancement of the harmonic-generation efficiency owing to waveguide phase matching, , that correspond to these optimal gas pressures.
As can be seen from the data presented in Table 1 , the use of a hollow fiber allows the efficiency of 27th-harmonic generation to be enhanced by more than 3 orders of magnitude, which is consistent with the results of experiments. [3] [4] [5] [6] [7] Especially high efficiencies of harmonic generation can be achieved with gases when the phase mismatch that is due to gas dispersion, ⌬k 0 , is large compared with absorption coefficient 2 q at the harmonic frequency. The results of the calculations presented in Table 1 demonstrate that the enhancement of harmonicgeneration efficiency that results from phase matching in gas-filled optical fibers may reach 3 orders of magnitude with an appropriate choice of the sort and the pressure of the gas and of the parameters of the fiber. Figure 2 illustrates the intensity of the 27th harmonic calculated in accordance with Eq. (18) as a function of the gas pressure in a 150-m-diameter hollow fiber filled with a rare gas (xenon, krypton, argon, neon, or helium) for 780-nm pump radiation with a transverse distribution that corresponds to the EH 11 waveguide mode. The maximum intensity of the 27th harmonic under these conditions is achieved at the pressure that corresponds to the phase-matching condition ⌬k q 1 ϭ 0. Qualitatively, the results of our calculations agree well with the experimental data of Durfee et al. 4 In particular, our calculations give a correct idea of the influence of the sort of the gas on the efficiency of high-order harmonic generation and adequately reproduce relations between the optimal pressures that correspond to the maximum efficiency of 27th-harmonic generation and make it possible to estimate these optimal pressures for the several gases by their order of magnitude.
B. Ionization Effects
Generally, the inclusion of ionization effects in the analysis of pulse propagation and harmonic generation in hollow fibers requires the use of some model of ionization that permits the calculation of ionization rate w(I).
Here we restrict our consideration to the case of rectan- a For maximum efficiency of frequency conversion; absorption coefficient 2 q ; phase mismatch ⌬k 0 owing to gas dispersion, Ϫ17 cm
Ϫ1
; and enhancement of harmonic-generation efficiency owing to waveguide phase matching for the generation of the 27th harmonic of 780-nm radiation in hollow fibers with inner diameter 150 m filled with helium, neon, argon, krypton, and xenon. Fig. 2 . Intensity of the 27th harmonic of 780-nm fundamental radiation generated in a hollow fiber with an inner diameter of 150 m filled with 1, xenon; 2, krypton; 3, argon; 4, neon; or 5, helium as a function of gas pressure. The transverse distribution of the pump intensity corresponds to the EH 11 waveguide mode. gular pump pulses when the ionization rate is independent of time and the electron concentration, in accordance with Eq. (10), grows linearly with time. This approach allows us to observe some essential physical consequences of ionization effects in nonlinear-optical interactions in hollow fibers without specifying the model of ionization. Figure 3 shows the energy of the 27th (solid curves 1 and 2) and the 21st (dashed curves 3 and 4) harmonics of 790-nm fundamental radiation, E q ϭ ͐͐͐ I q (, )d d (q ϭ 21, 27), as a function of the gas pressure in an argon-filled hollow fiber with an inner diameter of 150 m in the absence of ionization (curves 1 and 3) and when 0.8% of atoms are ionized during the pump pulse (curves 2 and 4) in the case when the transverse distribution of the pump intensity corresponds to the EH 11 waveguide mode and the pump pulse has a rectangular shape. The 27th harmonic was chosen to illustrate the influence of ionization effects because the absorption of argon is sufficiently weak at the wavelength that corresponds to this harmonic (the absorption coefficient of argon is 27 ϭ 13 cm Ϫ1 at this wavelength for atmospheric pressure), whereas calculations for the 21st harmonic, which experiences much stronger absorption ( 21 ϭ 180 cm Ϫ1 ), were carried out for the purposes of comparison. As can be seen from Fig. 3 , the ionization of only 0.8% of argon atoms significantly changes the pressure dependence of the harmonic energy. Because the gas that fills the fiber is now ionized during the pump pulse, a free-electron contribution to the refractive index of the gas leads to phase modulation of the pump pulse. Ionization-induced shifts of the maxima in the pressure dependences of the energies of harmonics with sufficiently high orders, as can also be seen from Fig. 3 , are approximately equal to one another, because the refractive indices of high-order harmonics are close to unity.
As a result of the change in the phase of the pump pulse from its leading edge to its trailing edge, the phase mismatch for harmonic generation changes within the pump pulse. Figure 4 shows the phase mismatch for the 27th harmonic of 790-nm fundamental radiation generated in an argon-filled hollow fiber with an inner diameter of 150 m calculated as a function of the gas pressure (dashed lines) on the leading edge of the pulse, where ionization does not play an important role, and (solid lines) on the trailing edge of the pulse, where 0.8% of atoms are ionized. In these calculations we assumed that the transverse distribution of the pump intensity corresponds to the EH 11 waveguide mode. The pump pulse has a rectangular shape (dashed line in the inset), giving rise to linear growth in the effective electron concentration as a function of time (solid line in the inset). As can be seen from Fig. 4 , the phase mismatch in an ionizing gas is a function of time . Therefore, different pressures would be required for phase matching harmonic generation at different (Fig. 4) . The net effect of ionization's occurring in the gas that fills the fiber is that ionization decreases the overall efficiency of harmonic generation and makes the harmonic-generation efficiency less sensitive to the gas pressure in the hollow fiber.
The main emphasis of this paper has been on phasematching effects in harmonic generation in hollow fibers and on the influence of ionization on phase-matching conditions. Therefore we introduced the nonlinearity in our analysis quite formally by inserting the nonlinear polarization of a medium into Eq. (13) for the harmonic signal. Emission of harmonics by electrons moving in the field of their parent ions in the presence of a strong light field 24 seems to be an adequate physical model of nonlinearity for a gas that fills a fiber. Ionization of this gas may give rise to new plasma mechanisms of harmonic generation. 25, 26 However, a detailed analysis of such processes falls beyond the scope of this paper.
The shape of a laser pulse is assumed in our calculations to be rectangular, which is a gross oversimplification, of course. However, this approach allowed us to reveal some important features of the influence of Fig. 3 . Energy of 1, 2, the 27th and 3, 4, the 21st harmonics of 790-nm fundamental radiation generated in an argon-filled hollow fiber with an inner diameter of 150 m and length L ϭ 2 cm as a function of the gas pressure 1, 3 in the absence of ionization and 2, 4 when 0.8% of atoms are ionized during the pump pulse. The transverse distribution of the pump intensity corresponds to the EH 11 waveguide mode. The pump pulse is assumed to have a rectangular shape. Fig. 4 . Phase mismatch for dashed lines, the 21st and solid lines, the 27th harmonics of 790-nm fundamental radiation generated in an argon-filled hollow fiber with an inner diameter of 150 m as a function of gas pressure on 3, 4 the leading edge of the pulse (/ ϭ 0), where ionization does not play an important role, and 1, 2, the trailing edge of the pulse (/ ϭ 1), where 0.8% of atoms are ionized. The transverse distribution of the pump intensity corresponds to the EH 11 waveguide mode. The pump pulse has a rectangular shape (dashed line, inset), giving rise to a linear growth in the effective electron concentration as a function of time (solid line, inset); n is the concentration of argon atoms.
ionization on phase matching in harmonic generation in hollow fibers without specifying the regime of ionization (as the rate of ionization remains constant in the case of a rectangular pulse, regardless of the ionization regime). The intensity dependence of the phase of nonlinear polarization, which may generally contribute to phase matching 27, 28 and which should be included in a more rigorous model, has no influence on harmonic generation with a laser pulse of such a shape, as no phase modulation occurs when the field is switched on and off in a stepwise manner. A methodology relevant to a more rigorous analysis of these processes should include the substitution of an appropriate expression for the ionization rate into Eq. (10) and plugging of the model of nonlinear polarization for the harmonic field in Eq. (13) . The dependence of the electron concentration will be a more complicated function of time then, and Eq. (13) has to be integrated numerically with the inclusion of the intensitydependent phase of the nonlinear polarization.
Closing the discussion of the results of our simulations, we should note that a more accurate analysis of pressure dependences of high-order harmonic intensities should also include the excitation of higher-order waveguide modes and the influence of self-and cross-phase modulation. An examination of the role of these effects is in progress in our laboratories.
CONCLUSION
A theoretical investigation of high-order harmonic generation in gas-filled hollow fibers reported in this paper within the framework of the slowly varying envelope approximation has allowed us to understand the influence of dispersion of waveguide modes and absorption and dispersion of a weakly ionizing gas that fills a fiber on the efficiency of frequency conversion. We have derived expressions for the intensity of an arbitrary harmonic produced in a hollow fiber and employed these expressions to calculate the pressure dependences of harmonic intensities for rare gases and to estimate characteristic parameters of the problem, including the gas pressure that corresponds to maximum efficiency of frequency conversion, absorption coefficient, phase mismatch owing to gas dispersion, and enhancement of harmonic-generation efficiency owing to waveguide phase matching, for 27th-harmonic generation in hollow fibers filled with helium, neon, argon, krypton, and xenon. The results of these calculations agree well with the available experimental data. It has been shown that the enhancement of harmonic-generation efficiency as a result of phase matching in optical fibers may reach 3 orders of magnitude with an appropriate choice of the sort and the pressure of the gas and of the parameters of the fiber. Especially high efficiencies of harmonic generation in hollow fibers can be achieved with gases when the phase mismatch that is due to gas dispersion is large compared with the absorption coefficient at the harmonic frequency. For fiber lengths that exceed the absorption length, the harmonic intensity in the phase-matched regime displays saturation, becoming independent of the fiber length. The optimal length of a gas-filled fiber in the latter case is determined by the trade-off between phase mismatch and absorption. Ionization of the gas that fills the fiber during the pump pulse gives rise to an electron addition to the refractive index of the gas and, consequently, to phase modulation of the pump pulse. Because of this change in the phase of the pump pulse from its leading edge to its trailing edge, the phase mismatch for harmonic generation changes within the pump pulse, decreasing the overall efficiency of harmonic generation but making the harmonic-generation efficiency less sensitive to the gas pressure in the hollow fiber.
